SINGULAR RIEMANNIAN FOLIATIONS AND 
APPLICATIONS TO POSITIVE AND NONNEGATIVE 

CURVATURE 

FERNANDO GALAZ-GARCIA* AND MARCO RADESCHI 

Abstract. We study singular Riemannian foliations whose leaves are 
homeomorphic to Bieberbach manifolds. These foliations, which we call 
B-foliations, generalize isometric torus actions on Riemannian mani- 
folds. We apply our results to the classification problem of closed, simply 
connected Riemannian 4- and 5-manifolds with positive or nonnegative 
curvature. 
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1. Introduction 

The study of effective smooth torus actions on compact, smooth man- 
ifolds has a rich and long tradition in the the theory of smooth trans- 
formation groups (cf. [U [m [I2l |28l [30l [Ml [35] )• In Riemannian geome- 
try, starting with Hsiang and Kleiner's topological classification of closed 
Riemannian 4-manifolds of positive (sectional) curvature with an effective 
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isometric circle action [26], isometric actions of tori have been success- 
fully used to obtain classification results on compact Riemannian man- 
ifolds with positive or nonnegative curvature and large isometry groups 

(cf. [IS [la Ell EHl [Ml Ha [Ml [Ml HI]). 

The present paper's main contribution is the observation that several re- 
sults on smooth torus actions, and on isometric torus actions on Riemannian 
manifolds with positive or nonnegative curvature, hold under less restrictive 
conditions which do not involve the existence of a torus action. Indeed, 
many of these results do not hold because of the presence of a torus action, 
but rather because the orbit decomposition of the manifold has the struc- 
ture of a singular Riemannian foliation whose leaves are diffeomorphic to 
flat tori of possibly different dimensions. To make this statement precise, 
we introduce a special class of singular Riemannian foliations, B- foliations^ 
which generalize isometric torus actions on Riemannian manifolds. Roughly 
speaking, a B-foliation (M, J-") is a partition of a Riemannian manifold M 
into connected submanifolds, called the leaves of J-", all of which are home- 
omorphic to some flat manifold and are at a constant distance from each 
other. 

The fact that B-foliations are more general than isometric torus actions is 
clear for several reasons. On the one hand, the leaves need not be tori. On 
the other hand, even when the leaves are diffeomorphic to tori, there might 
not be a global torus action on the manifold; this occurs, for example, when 
the distribution of the tangent spaces of the torus leaves is not orientable. 

We point out that another generalization of isometric torus actions are 
the so-called F-structures, introduced by Cheeger and Gromov [71 [8] . These 
structures are, roughly speaking, generalized local torus actions and play a 
central role in the Cheeger-Fukaya-Gromov theory of collapsed Riemannian 
manifolds with bounded curvature (cf. [Hllll]). Although one may expect 
F-structures and B-foliations to be related, it is not clear to what extent the 
two concepts overlap, since neither one implies the other. For example, B- 
foliations with exotic torus leaves cannot be generated by F-structures, and 
certain F-structures among those that are not pure (see [45] for definitions) 
do not generate a B-foliation. 

In this paper we focus our attention on B-foliations on simply connected 
manifolds and extend to B-foliations several basic results on torus actions 
on smooth compact manifolds. In particular, we prove: 

Theorem A. The regular leaves of a B-foliation on a simply connected 
manifold are homeomorphic to tori. 

Theorem B. Let {M,J^) be a B-foliation and let Sq C M denote the stra- 
tum of 0- dimensional leaves. Then x(^o) = xi^). 

Theorem C. Let (M""*"^, J^) be a codimension 2 B-foliation on a compact, 
simply connected manifold M""*"^ with n > 1 . Then either M = '^^ and T is 
given by a weighted Hopf action, or the following hold: 
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(1) The leaf space B = MjT is homeomorphic to a 2-disk, the interior 
of B is smooth, and the boundary dB consists of at least n totally 
geodesic segments meeting at an angle o/7r/2. 

(2) Let Lq be a generic leaf and Li a singular leaf. Then there is a 
submersion Lq — )• Li, with fiber if Li belongs to a geodesic in dB, 
or with fiber T'^ , if Li belongs to a vertex of dB. 

It is worth pointing out that we assume the leaves of a B-fohation to be 
homeomorphic to flat manifolds, but not necessarily diffeomorphic. There- 
fore, Theorems A, B and C also hold for B-foliations where the leaves carry 
exotic smooth structures. Nevertheless, we do not know of any non-trivial 
examples of such foliations. It would be interesting to find B-foliations by 
exotic tori on simply connected manifolds and, in particular, on spheres. 

Recall that a Riemannian manifold {M,g) is said to have quasi-positive 
curvature if (M, g) has nonnegative (sectional) curvature and a point with 
strictly positive curvature. As an application of our results, we classify com- 
pact, simply connected 4- and 5- manifolds with quasi-positve or nonnegative 
curvature and a codimension 2 B-foliation, and compact, simply connected 
4-manifolds of positive or nonnegative curvature and a codimension 3 folia- 
tion by circles: 

Theorem D. Let {M",g) be a compact, simply connected Riemannian n- 
manifold with quasi-positive curvature supporting a codimension 2 B-folia- 
tion. 

(1) Lf n = 4, then is diffeomorphic to §^ or CP^. 

(2) If n = 5, then is diffeomorphic to S^. 

Theorem E. Let {M'^,g) be a compact, simply connected Riemannian n- 
manifold with nonnegative curvature and a codimension 2 B-foliation. 

(1) Lf n = 4, then is diffeomorphic to S^, CP^ or homeomorphic to 

(2) // n = 5, then and is diffeomorphic to or to one of the two 
§^ -bundles over S^. 

Theorem F. Let M be a compact, simply connected Riemannian A-manifold 
with a singular Riemannian foliation by circles. Then the foliation is induced 
by a smooth circle action and the following hold: 

(1) If M has positive curvature, then M is diffeomorphic to S"^ or CP^ . 
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(2) If M has nonnegative curvature, then M is dijjeomorphic to S"^, CP^ 
or CP2#±CP2 or §2 x §2. 

Theorems D, E and F extend results in [261 ISSl SSI EZ] to the case of 
B-fohations. In all cases, the classification is up to diffeomorphism, except 
for (1) in Theorem E. This is because in this case we do not know whether 
the B-foliation is induced by a smooth torus action. 

Our paper is structured as follows. In Section [2] we recall some basic 
facts on singular Riemannian foliations. In Section [3] we introduce the con- 
cept of B-foliation, we show that the infinitesimal foliation at any point of 
a manifold with a B-foliation is also a B-foliaton (see Subsection I2.1.4P and 
prove Theorem A. In Section [J] we prove Theorem B. The main ingredient 
in the proof is the existence of a good open cover on the quotient space of 
a closed singular Riemannian foliation. In Section [5] we classify codimen- 
sion 1 B-foliations on simply connected manifolds. In Section [6] we prove 
Theorem C. In Section [7] we use Theorems A and C, together with the 
Mayer- Vietoris spectral sequence, to prove Theorems D and E. Finally, in 
Section [8] we prove Theorem F. Secondary results, possibly of independent 
interest, are distributed throughout the paper. 

Acknowledgements. The second named auhor thanks Xiaoyang Chen for 
some initial conversations. Both authors wish to acknowledge the hospitality 
of the Mathematisches Forschungsinstitut Oberwolfach, where the work pre- 
sented on this paper was initiated. The authors also wish to thank Wolfgang 
Ziller for helpful comments on a first version of this paper and Alexander 
Lytchak for helpful suggestions which led to the proofs of Theorems A and 

2. Preliminaries 

In this section we collect some background material on singular Riemann- 
ian foliations. 

2.1. Riemannian foliations. In this subsection we recall some basic facts 
about singular Riemannian foliations. We refer the reader to [32^ [1] for 
further results on the theory. 

2.1.1. Singular Riemannian foliations. A transnormal system on a Rie- 
mannian manifold M is a decomposition of M into smooth, complete, in- 
jectively immersed connected submanifolds, called leaves, such that every 
geodesic emanating perpendicularly to one leaf remains perpendicular to all 
leaves. A transnormal system is called a singular Riemannian foliation 
if there are smooth vector fields Xi on M such that, for each point p £ M, 
the tangent space TpLp to the leaf Lp through p is given as the span of the 
vectors Xi{p) G TpM. We will call the quotient space MjT the leaf space, 
and will occasionally denote it by M* . We will let vr : M ^ MjJ- be the 
leaf projection map. The pair (M, J-") will denote a singular Riemannian 
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foliation J-" on a Riemannian manifold M. Slightly abusing notation, we 
will also refer to the pair (M, T) as a singular Riemannian foliation. 

A singular Riemannian foliation T will be called closed if all its leaves 
are closed in M; the foliation will be called locally closed at x £ M if, for 
some neighborhood U of x, the restriction of to C/ is closed, i.e. connected 
components of the intersection of the leaves of J-" with U are closed in U. 
If is locally closed at x, then the local quotient U/J- is a well defined 
Alexandrov space of curvature locally bounded from below. Similarly, if 
is closed and M is complete, then the quotient space MjT is an Alexandrov 
space of curvature locally bounded below. 

2.1.2. Group actions. As group actions will appear throughout our work, 
let us fix some notation before proceeding. Given a Lie group G acting (on 
the left) on a smooth manifold M, we denote hy Gp = { g £ G : gp = p} 
the isotropy group at p € M and by Gp = {gp : g £ G} G/Gp the orbit 
of p. The ineffective kernel of the action is the subgroup K = r\p^MGp- We 
say that G acts effectively on M \i K is trivial. The action is free if every 
isotropy group is trivial. Given a subset A C M, we will denote its image 
in M/G under the orbit projection map by A* . When convenient, we will 
also denote the orbit space M/G by M* . 

Example 2.1 (Isometric Lie group actions). Perhaps the most familiar 
example of a singular Riemannian foliation is the foliation induced by an 
(effective) isometric action of a Lie group G on a Riemannian manifold M . 
In this case, the foliation is given by the orbits of the action, and we say that 
the foliation is a homogeneous foliation. If G is compact, then the foliation 
is closed, and it is locally closed if and only if all the slice representations 
Gp — )■ 0{h'p{Gp)) have compact image. 

Remark 2.2. We will sometimes denote a homogeneous foliation, given by 
the action of a Lie group G, by (M, G), provided the G-action is understood. 

2.1.3. Stratification. Let M be a Riemannian manifold with a singular Rie- 
mannian foliation J-". The dimension of denoted by dim J-", is the maximal 
dimension of its leaves. The codimension of J- is, by definition, 

codim (J^, M) = dimM — dim J^. 

For k < dim J-", define 

^(fc) = {p & M : dim Lp = k}. 

Every connected component C of the set '^(k) is an embedded (possibly non 
complete) submanifold of M and the restriction of J-" to C is a Riemannian 
foliation. Given p € M, let be the connected component of '^(k) through 
p, where k = dimLp. We will refer to the decomposition of M into the 
submanifolds as the canonical stratification of M. 

The subset ^(dimT) is open, dense and connected in M; it is called the 
regular stratum of M. It will be denoted by Mq and its points will be called 
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regular points. If Mq = M we say that the foliation is regular. All other 
strata have codimension at least 2 in M and are called singular strata. 
For any singular stratum S^, we have 

codim {T, S^) < codim {T, M). 

2.1.4. Infinitesimal singular Riemannian foliations. Let Af be a Riemann- 
ian manifold with a singular Riemannian foliation J^. Given a point p £ M 
and some small e > 0, let Sp = expp(i/pLp)ni?e(p) be a slice through p, where 
B^{p) is the distance ball of radius e around p. The foliation induces a fo- 
liation T\sp on Sp by letting the leaves of T\sp be the connected components 
of the intersection between Sp and the leaves of J-". The foliation {Sp,J-\sp) 
may not be a singular Riemannian foliation with respect to the induced 
metric on Sp. Nevertheless, the pull-back foliation exp*(J^) is a singular 
Riemannian foliation on VpLp D B^{0) equipped with the Euclidean metric 
(cf. j32t Proposition 6.5]), and it is invariant under homotheties fixing the 
origin (cf. |32^ Lemma 6.2]). In particular, it is possible to extend exp*(J^) 
to all of VpLp, giving rise to a singular Riemannian foliation {i^pLp, J^p) called 
the infinitesimal foliation of J- at p. 

Notice that E Vp{Lp) is always a leaf of the infinitesimal foliation Fp. By 
definition, leaves stay at a constant distance from each other, in particular 
every leaf stays in some distance sphere around the origin, and it makes sense 
to consider the infinitesimal foliation restricted to the unit sphere. Since the 
infinitesimal foliation is invariant under homothetic transformations, it can 
be reconstructed from its own restriction to the unit sphere. Taking this 
into account, we will sometimes refer to {VpLp,Tp) also as the infinitesimal 
foliation at p and shall write (Sp , J'p). 

Given two points pi,P2 in some leaf L, the corresponding infinitesimal fo- 
liations (Spj, /"p^), (Sp2,-7>2) foliated isometric, in the sense that there is 
a (non-canonical) linear isometry S^^ — >■ S^^ preserving the foliation. More- 
over, these foliations can be glued together to give a foliation on z^^(L) in 
the following sense: If one identifies (L) via the normal exponential map 
with 5Tube(L), the boundary of an e-tubular neighborhood of L, then the 
intersections of leaves in J- with with Sp are exactly the leaves in J^p. In 
particular, if L' is a leaf in dTnhi;{L) ~ v^L, then L' is a union of infinites- 
imal leaves. Moreover, if p S L and q (z L' can be written as q = exppEv, 
f € Sp , then the connected components of a fiber of p under the metric 
projection L' ^ L (which is a submersion, cf. [321 Lemma 6.1]) are given by 
Cvi where G Tp are diffeomorphic to the infinitesimal leaf of Sp passing 
through V. Therefore, there is a fibration 

(2.1) Cy^Lg^ Lp 

for some finite cover Lp Lp. 

Remark 2.3. Since we may consider the leaf space M* as an Alexandrov 
space (with curvature bounded below), let us quickly recall the procedure 
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to compute the space of directions Sp* at a point p* G M* . Let p ^ M 
be a point in the preimage of p* and let Sp* = Sp/Tp be the quotient of 
the infinitesimal foliation (S^ , J-'p). The fundamental group TTi{Lp) acts on 
§p* by isometries via the so-called holonomy action and Sp* is isometric to 
§p*/7ri(Lp). Given -y e Sp with image f* € Sp*, let be the subgroup of 
TTi{Lp) fixing V* . Then, in fibration (12. ID . the cover Lp is Lp/H, where Lp 
is the universal cover of Lp. 

Example 2.4. Let (M, G) be a homogeneous foliation. Given a point 
p & M, the connected component Gp of the isotropy g roup Gp acts on 
Vp{Gp) by isometries, via the so-called slice representation. In this case, the 
infinitesimal foliation Fp is the homogeneous foliation given by the orbits 
of Gp on Vp{Gp). Given q G M close to p, with isotropy Gq < Gp, the 
projection (j2.ip is the projection 

Gp/Gq — )• G/Gq — )• G/Gp, 

where G/Gp is a cover of the orbit G/Gp though p. 

3. B-FOLIATIONS 

We now introduce B-foliations, which are the main object of study in our 
paper. Recall that a Biebarbach manifold is a manifold diffeomorphic to 
]R"/G, where G is a discrete group of Euclidean isometries acting freely and 
cocompactly on M". These groups are called Bieberbach groups. Abstractly, 
Bieberbach groups can be characterized as torsion-free groups with a normal 
finite index abelian subgroup (cf. [50]). In particular, every subgroup of a 
Bieberbach group is a Bieberbach group. Every Bieberbach manifold is 
compact, has no boundary and admits a flat Riemannian metric. 

Remark 3.1. We shall use the fact that any acyclic manifold with funda- 
mental group isomorphic to a Bieberbach group G must be homeomorphic 
to a Bieberbach manifold. To see this, observe first that N must be homo- 
topy equivalent to M^/G, since both are models for K{G, 1). It then follows 
from the solution of the Borel conjecture for flat manifolds (cf. |10| Section 
4] and |3]) that N and M/G must be homeomorphic. The manifolds and 
M^/G may not be diffeomorphic, as illustrated by the examples of 5-tori 
which are mutually homeomorphic but not diffeomorphic (cf. |25j). 

Definition 3.2. A closed singular Riemannian foliation (M, J^) is a B- 

foliation if every leaf is homeomorphic to some Bieberbach manifold. 

Remark 3.3. In the preceding definition we do not assume that the leaves 
are flat with the induced Riemannian metric. 

Example 3.4. Every isometric torus action on a Riemannian manifold in- 
duces a (homogeneous) B-foliation. Bundles whose fibers are homeomorphic 
to Bieberbach manifolds are also examples of B-foliations. 
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Example 3.5 (Non- homogeneous B-foliations) . The simplest way to con- 
struct non-homogeneous B-fohations with regular leaves homeomorphic to 
tori is to take the Riemannian product of a Riemannian manifold and an 
exotic torus. As the leaves are exotic tori, they cannot correspond to the or- 
bits of an isometric torus action. One can also construct non-homogeneous 
B-foliations whose leaves are diffeomorphic to flat tori in the following way. 
Let be a compact smooth manifold with infinite cyclic fundamental group, 
for example, i? = and let T" be a standard n-dimensional torus. By a 
result of Hatcher [24], for n large enough, the diffeomorphism group Diff (T") 
has infinitely many connected components. Consider a representation 

TTi{B) Diff(r") 

which maps a generator g of tti{B) to a connected component of Diff(T"') 
which is not a "standard" one, i.e. one not containing any linear diffeomor- 
phism of T". Let B be the universal cover of B and let Tri{B) act diagonally 
on the product B x T". This action is free and, taking the quotient, we 
obtain a fiber bundle 

T"" ^{B X r")/^i(S) ^ B. 

The total space of the bundle is B-foliated. On the other hand, since the 
structure group is not linear, the B-foliation cannot be homogeneous . 

3.1. The infinitesimal foliation of a B-foliation. In the case of B- 
foliations, the total space and the base in fibration ()2.ip are homeomor- 
phic to Bieberbach manifolds. The following general result shows that for 
B-foliations such fibrations are somewhat rigid. 

Theorem 3.6. Let F ^ M N be a fibration. If M is homeomorphic to 
a Bieberbach manifold, then F and N are both homeomorphic to Bieberbach 
manifolds. 

Proof. By Remark 13. II it suffices to show that F and N are acyclic and iti{F) 
and vri(A^) are Bieberbach groups. 

Consider the fibration between the universal covers F ^ M N. Since 
M is contractible and is simply connected, we can apply the Serre spec- 
tral sequence with integral coefficients, and from it we obtain that F and 
N are contractible. In fact, if H*{F) has cohomological dimension a, and 
H*{N) has cohomological dimension b, then H*{M) would have cohomolog- 
ical dimension a + b and this has to be 0. Therefore, is acyclic, and from 
the exact sequence in homotopy, so is F. 

From the same exact sequence, we have 

1 7ri(F) 7ri(M) tti{N) 1, 

where 7ri(M) is a Bieberbach group, i.e. a torsion free group with a finite 
index normal abelian subgroup. Since 'Ki{F) is a subgroup of a Bieberbach 
group, it is again a Bieberbach group and therefore F is homeomorphic to 
a flat manifold. 
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We now prove that 7ri(A^) is a Bieberbach group. First, we show that 
7ri(A^) is torsion free. Suppose this is not the case. Then there is a finite 
cychc subgroup acting freely on the contractible manifold N. It follows 
that N /Zk is a A'(Zfc, 1), which contradicts the fact that K{7jk, 1) has infinite 
cohomological dimension. 

Finally, let us show that vri(A^) contains a finite index normal abelian 
subgroup. Since 7ri(M) is a Bieberbach group, there exists a finite index 
normal subg roup Z'^ C 7ri(M). The image of Z in 7ri(A^) is a finitely 
generated normal torsion free abelian group A. Since the map 7ri(M)/Z'^ — > 
'iri{N)/A is surjective, A has finite index in 7ri(A^). Therefore 7ri(A^) is 
a Bieberbach group, and therefore N is homeomorphic to a Bieberbach 
manifold. □ 

Theorem 13.61 can be applied to fibration (12. ip to obtain the following 
corollaries. 

Corollary 3.7. /f (M, J-") is a singular Riemannian foliation, and a regular 
leaf is homeomorphic to a flat manifold, then (M, T) is a B-foliation. 

Corollary 3.8. The infinitesimal foliations of a B-foliation are again B- 
foliations. 

3.2. Proof of Theorem A. We now prove that the regular leaves of a 
B-foliation (M,J^) on a simply connected manifold are homeomorphic to 
tori. 

Observe that the fundamental group of M is unchanged if we discard all 
the singular strata of codimension at least 3. Therefore we can reduce the 
problem to the case of M being a union 

r 

M = Mreg U |J Si, 

4 = 1 

where all the singular leaves are circle bundles over the regular ones. Let Lj 
be the regular leaf of Sj, and let 

^ Z ^ 7ri(L) TTi{Li) 1 

be the short exact sequence of the circle bundle pj : L — )• Lj. Denote by ki 
the generator of the kernel of pj^, and let K C iri{L) be the group generated 
by the elements ki. 

By recent work of Goertsches, Lytchak and Toeben, there is a commuta- 
tive diagram 

L '^Mreg ^ B 

f 

(3-1) L Mreg ^ Mreg /J" 

where the first row is a fibration, L is a regular leaf of / is a homotopy 
equivalence, and B is the classifying space of the orbifold Mj-eg/J^- This 
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commutative diagram can be obtained by first taking the Mohno bundle 
(cf. [321 Section 5.2]) 

El > W 



(3-2) Mreg ^Mreg/T 

where is the transverse frame bundle, i.e. the bundle of frames orthogonal 
to the leaves, and W is the frame bundle of Mreg/J~'- Recall that W is always 
a manifold. The map vr^ : E)p W is equivariant under the action of 0{q), 
where q is the codimension J-". Applying the Borel construction to E^ and 
W one obtains an induced map 

*4 : E't Xo(,) EO{q) ^ W Xo(,) EO{q). 

We then let 

Mreg = E^ X o(,) EO{q) , 

B = Wxoi,)EO{q), 
and the diagram (j3.ip follows from the naturally of the Molino bundle (j3.2p . 

Let H be the image of the boundary map tt2{.B) t^i{L) in the homotopy 
exact sequence of L — >■ Mreg B. There is an exact sequence 

(3.3) ^ F ^ 7ri(L) TTl{Mreg) ^ TTl{B) ^ 1. 

We will prove the result by showing that 7ri(L) is abelian. To do so, we 
will proceed in two steps: 

Step 1: K CL ■ki{L) maps surjectively onto ■Ki{Mreg) under t^. In particular, 
B is simply connected. 

Step 2: K is abelian, and H C 7ri(L) is central. 
By the first step, the exact sequence (|3.3p becomes 

H -^TTl{L) ^ TTi{Mreg) ^ 1- 

By the second step, ■Ki{Mreg) is abelian and t^i{L) is a central extension of 
two abelian groups, and therefore abelian. 

Proof of Step 1. Define the sets Mj C M by 

3 

Mj = Mreg U |J Sj, 
i=l 
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and let Gj = Tri{Mj). In particular, Gq = TTi{Mreg) and Gr = 7ri(M) = {!}. 
Let gi = i^ki. We will prove by induction that Gj ~ Go/{gi, . . -Qk), which 
will prove the first step. 

We compute the groups Gi inductively via the van Kampen theorem. 
Taking an open cover {U, V} of Mj, where U = Mj_i and V = M^eg U Si, 
we obtain: 



>- Gi 

Ji* 

7ri(zySi) ^vri(Si) 

(3-4) vri(L) .vri(L,) 



The upper square corresponds to the van Kampen Theorem, while the 
lower one comes from the commutative diagram of fibrations 



-^uT^i 



(3.5) 



A 

-> L 



Pi 



Li 



that makes pj the restriction of Qi to Lj. 

Let 'Qi denote a generator of the kernel of Qi^. By the van Kampen 
Theorem, Gi ~ Gj_i/(Jj*ft). 

Assume, by induction, that ~ Gq/ {gi, . . . gi^i) so that the following 
diagram commutes: 



(3.6) 




Go/{gi,---g 



'i-i 
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Diagram p.6p above fits in the commutative diagram 

ML) 

Go : > Gi-i 



Go/{gi,---gi-i) 

Now, = Xi^^ki, and Ji^.gi = Ji^^Xi^ki corresponds to the image of g-i in 
Go/{gi,...gi-i). Therefore, 

Gi ~ Gi^i/{Jugi) - Go/{gi, ...gi) 

and the induction step is proved. 

Proof of Step 2. Suppose that /cj, kj € do not commute or, equivalently, 
that 



(3.7) 



ki kj k^ ^ kj . 



If we consider the circle bundle pj : L ^ Lj, equation (I3.7P can be restated 
as saying that pj is not orientable along a curve representing the class k^. 
Therefore, we must have 

kikjk^ = kj 

or, equivalently, 

[ki, kj] = k^ ^. 

By exchanging the roles of ki and kj, we similarly obtain 

[ki, kj] = k^ ^. 

Thus 

If ki and kj do not commute, the same is true for ki and k~^ . Repeating 
the same argument as before, we obtain 

fej = [ki, kj ] = kj . 

It follows that k'j = k~'^ = kj"^ , contradicting the fact that vri(L) is torsion 
free. □ 
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4. EULER CHARACTERISTIC OF B-FOLIATIONS 

A well-known theorem of Kobayashi states that, if M is a smooth mani- 
fold with a smooth effective torus action, then x(M), the Euler characteristic 
of M, is the Euler characteristic of the fixed point set of the torus action 
(cf. [30]). The goal of this section is to prove Theorem B, which is a gener- 
alization of Kobayashi's theorem to B-foliations. 

We will first assume the existence of a good open cover for the leaf space 
MjT of a singular Riemannian foliation (M, J^), i.e. an open cover { }a 
of MjT such that every finite intersection U^^ fl . . . fl is contractible. We 
present a proof of this assertion in the following subsection (cf. Theorem 14. II 
below) . 

4.1. Proof of Theorem B. Let W be a small tubular neighborhood i?e(So) 
of So and let V = M\B^/2{'^o)- As {W,V } is an open cover of M, we have 

x(M) = x{w) + x{v)-x{wnv) 
= x{^o) + xiv)-xiwnv). 

Observe that V and T^ny are saturated submanifolds without 0-dimensional 
leaves. We will now show that xi^ ^ ^) = x(^) = 0) which proves the 
theorem. Notice that FRVF retracts to M' = 55^/2 (^o); which is a compact 
saturated submanifold of M. In particular, it follows from Theorem I4.1l be- 
low that M' /J^\m' admits a finite good open cover {Ui, . . . , U^}- Therefore, 

x(M') = xm - x{u^ n [/,) + ... , 

where the sum is finite. Observe that every finite intersection retracts to a 
leaf. Since these leaves are homeomorphic to nontrivial Bieberbach mani- 
folds, their Euler characteristic is 0. In particular, xiM') = x{^ OV) = 0. 
We will now show that x(^) = 0- Observe first that V, the closure of V, has 
boundary M'. The double M" = V Um' ^ is a compact manifold which ad- 
mits a B-foliation without 0-dimensional leaves and, as before, xiM") = 0. 
On the other hand, xiM") = 2xiV) - xiM'), so xiV) = 0. This concludes 
the proof of Theorem B. □ 

4.2. Good covers of leaf spaces. We now prove the existence of a good 
open cover for the leaf space of a singular Riemannian foliation. This has 
also been proven by Wolak |49j . We include a complete proof here for the 
benefit of the reader. We closely follow, with due changes, the proof of the 
existence of good open covers in Riemannian manifolds. 

Theorem 4.1. The leaf space MjT of a singular Riemannian foliation 
(M, J^) admits a good open cover. 

Proof. Showing the existence of a good open cover of MjT is equivalent to 
proving the existence of a saturated open cover {C/aja of M such that every 
finite intersection U a.^ H . . . n V contracts to one of its leaves. We start 
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with two preliminary lemmas and a proposition; we then prove the existence 
of good open covers in Proposition I4.5[ 



Lemma 4.2. For every L ^ T, there exist e, > such that, for every 
other leaf L' C n B^{L), the neighborhood B^{L') is a normal tubular 
neighborhood of L' , and B^{L) C B^[L'). 



Proof of Lemma \4-^ Let be the leaf corresponding to the point x £ 
^l/J^y:l ^ M/T and define F : Sl/J^Sl ^ M by 

F{x) = max{r | Br{Lx) is a normal tubular neighborhood of }. 

Let F{r) := infjFl^^ Since F is continuous, F is continuous as well. 
Moreover, F is decreasing and \\m.r^o F{r) = F{L). Therefore, there exists 
e > such that F{e) > e and, if 6 is any number in (e, F{e)), then e and 5 
satisfy the conclusions of the lemma. □ 

Lemma 4.3. For every L & T, there exists r] > such that, for every 
< r < r] and L' € Sr{L), any horizontal geodesic starting at L' tangent to 
Sr{L') leaves Br{L). 

Proof of Lemma \4-3\ Consider the subset D ^ T^M given by horizontal 
unit vectors, with projection vr/j : D — t- M. Fix e > and define the 
function 

G ■.Dr\B,{L) 

by 

G{p,Vp) = ^_^dist(7^p,L), 



t=o 



where is the horizontal geodesic starting at {p,Vp). Since G\^~i^^ > 0, 

there is a neighborhood W of 7r^^(-L) such that G\w > 0. By shrinking W 
if necessary, we can suppose that 

W = {{p,Vp) \pe Br,{L),Vp € TT^HLp) } . 

Any r] in the definition of W will satisfy the conclusion of the lemma. □ 

Proposition 4.4. For every L € there exists p > such that for every 
pair of leaves Li, L2 Q Bp{L), and for every minimizing geodesic 7 from 
Li to L2, the interior of j is contained in Bp{L). 

Proof of Proposition \4-4\ Take rj as in Lemma 14.31 and fix p < rj/2. We 
will show that Bp{L) satisfies the conclusion of the proposition. Observe 
that a geodesic 7 between two leaves ^1,-^2 ^ Bp{L) has length /(7) < 2p. 
Moreover, for each t, we have 

dist(7(t),L) < /(7)/2 + p 

< 2p 

< rj. 
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Therefore, Im(7) C B^[L). If 7 were not contained in Bp{L), the function 
dist(7(t), L) would have a maximum for some t in the interior, contradicting 
Lemma 14.31 □ 

We are now ready to prove the existence of a good open cover for leaf 
spaces. For every L & let pi be as in Proposition 14. 4( let be as in 
Lemma l42t and take Rl < mm{pL, ei }. 

Proposition 4.5. The open cover {B£i^{L)}L^jr projects to a good open 
cover of M / T . 

Proof of Proposition \4-5\ Let U = Cl^Li Bf(.{Li). Since i?j < e^, we know 
by the homothetic transformation lemma that the stratification of J-' re- 
stricted to Bji.{Li) consists of a chain and, in particular, there is a unique 
minimal stratum Sj. Therefore, the stratification in U also admits a mini- 
mal stratum, which we will call Sq. Suppose that Li G Sq. Then, given a 
leaf L in [/ n Sq, by Lemma 14.21 there is a tubular neighborhood B^[L) 5 
D/jj(Li) 5 [/, and in particular for every V in U there is a "unique" ge- 
odesic 7 from L to L\ contained in B^[L). Here by "unique" we mean 
that for each p L, there exists a unique minimizing geodesic from L to 
L' starting at p. By Proposition H31 7 is contained in every Bji^{Li), and 
therefore Im{'y) C U. In particular, it is possible to retract U to L along 
these horizontal geodesies. In other words, it is possible to retract tt{U) to 
the point 7r(L), where vr : M — t- MjJ- is the canonical projection. Therefore 
^(f^) = nj=i '^(BRiiLi)) is contractible. □ 

□ 

Remark 4.6. Alexander Lytchak has pointed out to us that one may prove 
an analog of Theorem 14.11 for Alexandrov spaces proceeding along the lines 
of the proof we have presented here. In this more general setting the role 
of tubular neighborhoods and geodesies is played by convex neighborhoods 
and flow lines of strictly concave functions, whose existence has been proved 
by Perelman and Petrunin |41j . 

5. B-FOLIATIONS OF CODIMENSION 1 ON SIMPLY CONNECTED MANIFOLDS 

In this section we classify up to foliated diffeomorphism all possible codi- 
mension 1 B-foliations on simply connected manifolds (see Theorem 15.21 
below). We first prove the following lemma. 

Lemma 5.1. Let M""*"^ be a compact, simply connected (n + l)-manifold. 
If (Af""*^^, J-"") is a codimension 1 B-foliation, then the foliation must be 
singular. 

Proof. Suppose that J-"" is a regular foliation. Since Af""*"^ is simply con- 
nected, it follows from work of Molino [32] that J^" must be a simple folia- 
tion, i.e. it is given by the fibers of a Riemannian submersion. Hence there 
is a fibration L" — >■ M^~^^ — t- S"^. Since M^"^^ is simply connected, the long 
exact sequence in homotopy for the fibration yields a contradiction. □ 
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Theorem 5.2. The only codimension 1 B-foliations on compact simply con- 
nected manifolds are the homogeneous foliations (S^,S^) and (S'^,T^). 

Proof. Let M be a compact, simply connected manifold and (M, F) a codi- 
mension 1 B-foliation of M. By Lemma l5.ll J- is singular. Therefore, the 
leaf space M* is homeomorphic to a closed interval [—1, 1]. Let Lt be the leaf 
corresponding to t G [— 1,1] and observe that the manifold M decomposes 
as the union of two disk bundles over L±i. If Lq is regular, there are sub- 
mersions TTf : Lq — > Lt- By \2>\\ Theorem 1.6], the leaves L±i are singular, 
and there are submersions S*" — )• Lq — )• L±i. Since Lq and L±i are diffeo- 
morphic to Bieberbach manifolds, we must have that S'' = S^. By |20l Table 
1.4], the inclusion map Lq ^ M is homotopic to a fibration F ^ Lq — >■ M, 
with 7ri(-F) isomorphic to one of Q, Z Z, or Z © Z2, where Q denotes the 
order 8 subgroup {±l,±i,±j,±k} of the unit quaternions C H. The 
long exact sequence in homotopy of the fibration F — t- Lq — >■ M implies that 
7Ti{F) —7- 7ri(Lo) — > 0. Therefore, 7ri(Lo) can contain at most a I? subgroup. 
It follows from Bieberbach's theorem that Lq is at most 2-dimensional, and 
hence M has dimension at most 3. Since M is simply connected, it must be 
diffeomorphic to or S^. 

In the case of we know from Theorem B, or by inspection of the leaf 
space, that the set of zero dimensional leaves consists of 2 points pi, p2, 
and the regular leaves are the distance spheres from these two points. The 
regular part is foliated diffeomorphic to ((0, 1) x S^, S^), where the S^-action 
fixes the first factor. In particular, there exists a unit vector field X defined 
on the regular part of spanning the foliation there. We can now define 
a new vector field Xp = l{Lp) ■ Xp, where i{Lp) denotes the length of Lp, 
and extend X' to the singular part by 0. One can verify that this vector 
field is smooth (see, for example, the proof of Proposition 18.51 below) and 
the foliation in is given by the orbits of a smooth circle action. 

Suppose now that M is diffeomorphic to S'^. In this case, the regular 
leaves are 2-dimensional, the singular leaves Lj-i are 1-dimensional, hence 
they are circles, and the regular leaves fiber over L±i with fiber a circle. By 
Theorem A, the regular leaves are diffeomorphic to a 2-torus. We have that 

can be described as a double disk bundle 

M = D+, 

where Dj- is a disk bundle over L±i and (p : dD^ dD- is a diffeo- 
morphism. Moreover, the foliation F consists of the distance tubes to the 
zero section (with respect to some Euclidean structure on the disk bundles). 
Notice that D± are solid tori and, dD± are tori. 

We will now show that the foliation is homogeneous. Consider cylindrical 
coordinates {z, 6, r) on and (2;', 6' , r') on D- . In this way, we can consider 
the diffeomorphism (j) : 3Z)+ — t- dD^ as an element of Diff(r2). AU such 
diffeomorphisms are isotopic to a map that is linear with respect to the 
chosen cylindrical coordinates. Since the isotopy class of the gluing preserves 
the diffeomorphism type of M, we can assume, without loss of generality, 
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that (/) is a linear map given by a matrix A € SL(2, Z). In our case, since M 
is S^, we may take 

' 1 



Moreover, we can modify the Riemannian metric radially, so that it becomes 
a product near the boundary and the foliation remains Riemannian. One 
can explicitly produce a smooth action that gives rise to J- as follows. 
Given {s,t) G T^, define an action of (s,t) on D± by 

{s,t)*{z,9,r) = {z + s,9 + t,r), 
is,t)i<{z',e',r') = {z' + t,9' + s,r'), 

where 4> = {4>i,4>2) is the gluing diffeomorphism (/) : dD^ dD^. By 
the classification of cohomogeneity 1 torus actions on lens spaces (see, for 
example [3l] ) , these actions are all equivariantly diffeomorphic to orthogonal 
actions. □ 



6. B-FOLIATIONS OF CODIMENSION 2 ON SIMPLY CONNECTED MANIFOLDS 

In this section we prove Theorem C, which describes the leaf space struc- 
ture of codimension 2 B-foliations on compact, simply connected manifolds. 
This theorem generalizes to B-foliations results on the structure of the or- 
bit space of cohomogeneity two smooth torus actions on simply connected 
manifolds (cf. [Ml ESl [28] ) . 

6.1. Regular B-foliations of codimension 2. We first consider the case 
where the codimension 2 B-foliation is regular. 

Proposition 6.1. Let {M,T) he a B-foliation of codimension 2 on a com- 
pact simply connected manifold M . If T is regular, then M is diffeomorphic 
to and the generic leaf is diffeomorphic to . 

Proof. Since J- is regular, TM splits as a sum of bundles TM = TT (BTT-^, 
where TT is the vertical tangent bundle and TT^ is the horizontal tangent 
bundle. Let Fh be the frame bundle of TT^. Since J- is of codimension 2, 
we have a fibration §^ Fh M and its long exact homotopy sequence 
yields the sequence 

It follows that tti{Fh) is isomorphic to 0, Z or for some integer k > 2. 

Consider now the lifted foliation T' on Fu . By Molino [32] , the leaves of 
T' are finite covers of the leaves in J-", and are given by the preimages of a 
submersion Fu — > W on a manifold W, so W must be 3-dimensional. 

Let L be the generic leaf of (M, J^). Since (M, T) is a B-foliation, 7rfc(L) = 
for k >2. There is a fibration L Fh — >■ W and the end of its long exact 
homotopy sequence reads 

(6.1) ^ MFh) TT2{W) 4 7ri(L) A 7ri(Ff^) A tti{W) 1. 
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Now, if tti{Fh) is finite, then Tri{W) is also finite, so W is finitely covered 
by S'^. In particular, 'K2{W) = and there is an injection 

O^^i(L) ^7ri(Fi^) 

with ■ki{Fh) finite, which contradicts the Bieberbach theorem. 

It follows that 'Ki{Fh) = and iTiiyV) must be isomorphic to 0, Z^, for 
/c > 2, or to Z. If 'Ki{W) = Z, then the map h : 7ri(Fff) tti{W) is an 
isomorphism and ~ x S^. In particular 7r2(VF) = Z and, from the long 
exact sequence (j6.ip . we get the short exact sequence 

^ tt2{Fh) ^ Z ^ 7ri(L) — > 0. 

Since L is a Bieberbach manifold, we must have that '/ri(L) = Z, L ~ S^, / 
is injective and 7r2(M) = 0. Since L is 1-dimensional, Fh has dimension 4 
and M has dimension 3, so the only possibility is {M,F) = (S'^,S"'^). 

If 7ri(VF) = or Zfc, then W is finitely covered by and 'n2{W) = 0. 
The homotopy sequence then becomes 

^ 7r2(F//) ^ 4 ^i(L) A Z A ^i(VF) ^ 1. 
As before, L has to be S"*^, M is 3-dimensional and {M,J^) = {S"^,S^). □ 

Remark 6.2. By definition, a codimension 2 regular B-foliation on S'^ cor- 
responds to a Seifert fibration on S'^. It follows from the classification of 
Seifert manifolds that every possible B-foliation of can be realized by a 
smooth circle action (cf. |36|). 

6.2. Singular B-foliations of codimension 2. We now consider the case 
where the codimension 2 B-foliation is singular. 

Let {M,F) be a codimension 2 B-foliation. By [311 Theorem 1.6], if the 
foliation is not regular, then there are no exceptional leaves. Moreover, 
the leaf space M* is homeomorphic to a 2-dimensional orbifold B. By |18^ 
Lemma 3.5], the topological interior B \ dB of B is simply connected, and 
therefore is homeomorphic to an open disk. The boundary of B consists of 
the union of geodesic arcs. The points in the interior of these arcs correspond 
to leaves which we will call by least singular leaves, while the vertices of the 
leaf space, i.e. the points where two geodesic arcs in the boundary meet, 
correspond to leaves which we will call most singular leaves (see Figured]). 

Let L be a singular leaf and fix p € L. By Corollary 13.81 th^ infinitesi- 
mal foliation (S^, J'p) is a codimension one B-foliation, whose quotient is a 
closed interval. By Theorem 15.21 the infinitesimal foliation (Sp, J-'p) must be 
one of the homogeneous foliations (S^,S^) or (S'^,T^). Since Sp is a round 
unit sphere, it follows from the main theorem in |43j that the foliation is 
isometric to one of the homogeneous foliations (S^S^) or {^^,T'^) induced 
by orthogonal actions on round unit spheres. In the first case, the leaf space 
of the homogeneous foliation is isometric to a closed interval of length vr 
and corresponds to the infinitesimal foliation of a least singular leaf. In the 
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Figure 1. Example of a leaf space of a codimension 2 B-foliation. 

second case, the leaf space of the homogeneous foliation is isometric to a 
closed interval of length 7r/2 and corresponds to the infinitesimal foliation 
of a most singular leaf. 

Since there are no exceptional leaves, by Remark 12.31 the holonomy ac- 
tion is trivial, and hence the space of directions at any point p* € M* is 
isometric to the leaf space of the infinitesimal foliation at p* . In particular, 
the angle between geodesic arcs meeting at vertices of M* is 7r/2 and the 
fibr ation 1 2 . 1 1 yields the desired metric fibrations in part (2) of Theorem C. 

The following proposition finishes the proof of Theorem C. 

Proposition 6.3. Let {M^~^'^,J^) be a codimension 2 B-foliation of a com- 
pact, simply connected (n + 2)-manifold. Then the leaf space M* hast at 
least n edges. 

Proof. Observe that M remains simply connected if we discard all the sin- 
gular strata of codimension strictly greater than 2, i.e. all those leaves cor- 
responding to the corners in the leaf space M*. As in the first step in the 
proof of Theorem A, we consider 

r 

M = Mreg U (j Ej, 

i=i 

where the strata Sj project to the edges of M*. We let 

i 

J = l 

and Gi = iTi{Mi). 

We will show, by induction on i, that Gi contains a copy of Z*"' of finite 
index, where ri > n — i. This will prove the proposition, since Gr = {1} and 
therefore it would follow that n — r <0. 

Since Go = vri(L) = Z", the initial step of the induction holds. Suppose 
now that the induction hypothesis holds for Gj_i. 
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Again, from the first step in the proof of Theorem A, Gi = Gq/ {gi, . . . gi) 
and therefore there are exact sequences 

^ ^ G,_i ^ ^ 1, 

where {gi) either generates a or a Z. In either case, Z'''^^ C Gi-i projects 
to a finitely generated abehan group ^4 C Gj of finite index, and Ap, the 
free part of A, has also finite index in Gi. Observe that A is isomorphic to 
/((ffi) nZ^'-i). The subgroup {gi)^!/^-^ is isomorphic to Z, if {gi) = Z 
and {gi)r\I7''-^ 7^ 0, or otherwise. Therefore, Ap wih be T"^-^ or Z'''-i~^ 
Either way, 

Tj > Tj-i — l>n — (i — 1) — l=n — i, 
which proves the induction step. □ 

7. Curvature and B-foliations of codimension 2 

In this section, we apply the results in the previous sections to the study of 
compact, simply connected Riemannian manifolds with positive or nonnega- 
tive sectional curvature and a B-foliation of low codimension. In particular, 
we prove Theorems C and D, which generalize results in [T7j to the case of 
B-foliations. 

This section is motivated by the wealth of results on positively and non- 
negatively compact Riemannian manifolds with large effective isometric to- 
rus actions (see references in the Introduction) and our results may be cast 
in a similar light. More precisely, recall that the symmetry rank of a com- 
pact Riemannian manifold M is, by definition, the rank of the isometry 
group of M (cf. [21] )• Therefore, M supports a "large" torus action if it 
has big symmetry rank. If M is n-dimensional and has positive sectional 
curvature. Grove and Searle [21] showed that the symmetry rank of M is 
bounded above by [(n-|-l)/2j , and classified compact Riemannian manifolds 
of positive curvature and maximal symmetry rank. In view of these results, 
it seems natural to study positively and nonnegatively compact Riemannian 
manifolds with B-foliations of low codimension, in analogy with positively 
and nonnegatively curved manifolds with large symmetry rank. 

The simplest examples of B-foliations on positively and nonnegatively 
curved manifolds, standing closest to those induced by isometric torus ac- 
tions, are B-foliations whose regular leaves are flat with the induced metric. 
We call these foliations Euclidean foliations (see Definition 17.11 below) . We 
will make some observations on these foliations in the following subsection, 
framing Theorems C and D in this context. We will then prove Theorem D 
in Subsection 17.21 and Theorem E in Subsection 17.31 

7.1. Quasi-positive curvature and Euclidean foliations. We now in- 
troduce Euclidean foliations and the Euclidean rank of a Riemannian man- 
ifold. The latter invariant is a generalization of the symmetry rank of a 
Riemannian manifold (cf. |21j). 
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Definition 7.1 (Euclidean foliation). A singular Riemannian foliation (M, J-") 
is Euclidean if it is a B-foliation and the regular leaves are flat with the in- 
duced metric. 

Definition 7.2 (Euclidean rank). The Euclidean rank of a Riemannian 
manifold {M, g) is defined by 

Erank(M, (/) = maxjdimJ^ j {M,J^) is a Euclidean foliation}. 

Remark 7.3. In the definition of the Euclidean rank, the Riemannian met- 
ric is fixed and then we maximize over all the possible Euclidean singular 
Riemannian foliations compatible with this metric. If one in turn maximizes 
the Euclidean rank over all Riemannian metrics of a smooth manifold M, 
one gets an invariant of M akin to the degree of symmetry of a smooth 
manifold. 

Recall that a Riemannian manifold {M,g) is said to have quasi-positive 
curvature if (M, g) has nonnegative (sectional) curvature and a point with 
strictly positive curvature. The following bound for the Euclidean rank of a 
quasi-positively curved manifold follows from Otsuki's lemma |9l Lemma 3.3, 
p. 224] (cf. also an argument due to Burkhard Wilking found in [271 116j ). 

Theorem 7.4. If{M, g) is a quasi-positively curved Riemannian n-manifold, 
then 

Erank(M,5) < [(n-hl)/2j. 

In view of Theorem 17.41 one would like to classify, up to diffeomor- 
phism, positively curved manifolds of maximal Euclidean rank, thus ex- 
tending Grove and Searle's classification of positively curved manifolds with 
maximal symmetry rank (cf. [21]). A difficulty arises in the foliated case, 
though, since an analogue of Berger's lemma is lacking. This result implies 
that a torus action of maximal rank on a positively curved manifold contains 
a circle subgroup with a codimension 2 fixed point set, which is a crucial 
step in Grove and Searle's classification. Nevertheless, one can obtain a 
topological classification in dimensions 4 and 5, where the leaf space is of 
dimension 2 and has a relatively simple structure. In this case, one may 
dispense with the assumption that the foliation is Euclidean, and it suffices 
to assume the existence of codimension 2 B-foliation. We obtain in this way 
Theorem D. 

One may also relax the curvature assumptions and consider the Euclidean 
rank of compact, simply connected manifolds with nonnegative curvature. 
Let M""*"^ be a simply connected, compact Riemannian n-manifold with a 
codimension 2 B-foliation and nonnegative curvature. By Theorem 16.31 the 
leaf space M* has at least n vertices. On the other hand, by a comparison 
argument (see the proof of Theorem D below), we must have n < 4 and 
M must be at most 6-dimensional. It follows that, in dimensions n < 9, 
the Euclidean rank of a compact, simply connected Riemannian n-manifold 
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of nonnegative curvature is bounded above by [2n/3j. The bound on the 
Euchdean rank in dimensions 4, 5 and 6 is sharp, since there exist nonnega- 
tively curved simply connected manifolds with cohomogeneity two isometric 
torus actions, for example, x x and S'^ x with their usual 

nonnegatively curved product metrics. 

The classification of compact, simply connected Riemannian 4- and 5- 
manifolds with nonnegative curvature and a codimension 2 B-foliation is 
given by Theorem E. In particular, this theorem yields a topological clas- 
sification of compact, simply connected Riemannian 4- and 5- manifolds of 
nonnegative curvature and maximal Euclidean rank, generalizing results in 

m- 

We now present the proofs of Theorems D and E. 
7.2. Proof of Theorem D. We prove assertions (1) and (2) separately. 

Proof of assertion (1). Suppose n = 4. Then the leaf space is a 2-dimensional 
Riemannian manifold of nonnegative curvature, with polyhedral boundary, 
and with positive curvature in an open subset. By Theorem 16.31 the leaf 
space M* has at least two vertices p\ and P2 corresponding to 0-dimensional 
leaves and, by Theorem A, the regular leaves are 2-tori. 

By Theorem C, the angles at the vertices of the leaf space M* are equal to 
7r/2. Suppose now that there are five vertices pg, . . . in 5M*, and assume 
that the points p*, < i < 4 are adjacent, with indices considered 

modulo 5. Taking minimal geodesies from pg to P2 and P3, we obtain a 
triangulation of M* consisting of three triangles. By Toponogov's theorem, 
the sum of the angles of these three triangles is bounded below by Svr. On 
the other hand, adding the vertex angles at the points p*, < i < 4, we 
get that the sum of the angles of these three triangles is bounded above by 
57r/2, yielding a contradiction. Therefore, dM* can only have two, three 
or four vertices and, if dM* has four vertices, M* must be isometric to a 
flat rectangle. On the other hand, since M has quasi-positive curvature, 
M* has positive curvature in an open subset, and it follows from the Gauss- 
Bonnet theorem that M* cannot be flat. Therefore, M* has either two or 
three vertices. Since vertices correspond to points in Sg, the 0-dimensional 
stratum of the foliation, we have that Eg consists of either two or three 
points. By Theorem B, x(^o) = x{^^)i so 2 < x{^) ^ 3. It follows from 
work of Freedman [13] that M is homeomorphic to S^, when x(^o) = 2, or 
to CP^, when x(Sg) = 3. To get diffeomorphism, we now use the fact that 
the manifolds decompose as the union of disc bundles with boundary S^. 

Suppose first that the quotient has two vertices p\ and P2- Let Di = 
B^{pi), and D2 = M—D\. Then M can be written as a union M = Z)iU0D25 
where Di, D2 project in the quotient to sets D^, D2 homeomorphic to 
metric balls around p\ and respectively. Therefore, both Di and D2 are 
diffeomorphic to cones over S^. Since S'^ has only one smooth structure, 
there exist diffeomorphisms "01 '■ Di — t- S^, 1/^2 '■ D2 — >■ with the standard 
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4-ball. Letting 

4) ■= '4'2\dD2 °4'°i'i\dhi ■ 

we see that M is diffeomorphic to B^U-^B^. By Hatcher's proof of the Smale 
conjecture [23], (p is isotopic to 0g € 0(4), and therefore M is diffeomorphic 

<Po 

Suppose now that the quotient has three vertices, and let N be the preim- 
age of an edge in M*. The set is a 2-dimensional submanifold of M and 

restricts to a codimension one fohation with two singular leaves. Hence, 
N id diffeomorphic to S^. Let now = B^{N), and D2 = M - Di. Again, 
Di, D2 project to the quotient and is homeomorphic to a metric ball 
around the vertex opposite to N* . As in the case with two vertices, there is 
a diffeomorphism ■02 : D2 — s- B^, so that dD2 = dDi is diffeomorphic to S"^. 
Moreover, the S^-bundle dD^ N is the Hopf map — )• §^ and there is a 
diffeomorphism from Di to a tubular neighborhood Ti of the standard 
embedding = CP^ C CP^. Letting 

we conclude, as in the previous case, that (f) is isotopic to (pQ G 0(4), and M 
is diffeomorphic to Ti U^i?^ ~ Ti U^^ S^, which in turn is diffeomorphic to 



Proof of assertion (2). By the work of Harden and Smale [U |47], it suffices 
to verify that H2{M,'Z) = 0. The leaf space M* is homeomorphic to a disc 
and it has at least three vertices, by Theorem 16.31 A comparison argument 
as in part (1) implies that there are at most three vertices in M* . Therefore, 
there are exactly three vertices. 

By Theorem A, the regular leaves of the foliation are 3-tori. Observe that 
7ri(T^) is generated by 71, 72, 73, the kernels of the maps 

Pi* :7ri(r3) ^7ri(r2), 

induced by the metric projections pj : T'^ — t- from a regular leaf onto a 
least singular leaf. 

Take a saturated open cover {Ui}f^^ around the most singular leaves and 
let Li, L2 and -L3 be the most singular leaves corresponding to the vertices 
of the leaf space. Let Ui be neighborhoods of Li, let Uij = Uif] Uj, and let 
Uq = Ui D U2 n U3. There are retractions 

Ui — >■ Lij = S"'", 
Uij — > Lij = 

and 

Uo^Lo = T\ 

Here, Lij is the generic leaf in the stratum between Li and Lj, which corre- 
sponds to the boundary arc in the leaf space between Li and Lj. Consider 
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now the complex 

There is a (Mayer- Vietoris) spectral sequence HP{Cq) ^ i?P+^(M, Z). We 
have 

Co : ^ ^ Z; 
Ci : Z^ ^ Z^ ^ Z^; 
C2 : ^ Z^ ^ Z^; 

C3 : ^ ^ Z. 

Therefore, all the differentials are zero, so the spectral sequence stabilizes 
immediately. Now, we have the following sets of generators: 

^i(r3) = (71,72,73); H\T') = (71,72,73); 

TTi{Lij) = {-fi, jj); H^{Lij) = {% jj); 

MLi) = in). H\U) = (7i), 

where 7^ is the dual of 7j. Observe that the map 7ri(T'^) — )■ 7ri{Lij) takes 
7i I— ^ 7i, 7j ^ 7j and 7^ 1— )• 0, so the map 

is given by inclusion. In Ci, the map 

<7i : Z6 ~ ifi(ii2) e H^Lrs) //^(Lsa) ^ ii'^(Lo) 
is surjective, since 

^ieH\Lij)^^ieH\Lo). 
In C2 , the group i?^ {Lij ) ~ Z is generated by 7j ^ 7^- and again the map in 
cohomology is an isomorphism, since (72 takes 7j ^7j G H'^{Lij) to "fi^^j G 
if^(Lo). Hence, ker((72) = 0, coker((7i) = and, by the spectral sequence, 
= H^{M,Z) = H2 (M, Z) . □ 

7.3. Proof of Theorem E. We prove parts (1) and (2) separately. 

Proof of part (1). A comparison argument as in the proof of part (1) of 
Theorem D shows that the leaf space may have at most four vertices. On 
the other hand, by Theorem 16.31 the leaf space M* has at least two vertices. 
Hence, by Theorem B, the Euler characteristic of is 2, 3 or 4, and it 
follows from the work of Freedman [13] that M'^ is homeomorphic to S^, or 
S^. If M* has two or three vertices, then the leaf space 
structure is the same as the one in the proof of part (1) of Theorem D and 
it follows that M'^ is diffeomorphic to S^, if M* has two vertices, or to CP^, 
if M* has three vertices. 
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Proof of part (2). By Theorem 16.31 the leaf space M* has at least three 
vertices. On, the other hand, since the leaf space is nonnegatively curved, 
it may have at most four vertices. In the case where there are exactly four 
vertices, M* must be isometric to a flat rectangle. If the leaf space has 
exactly three vertices, then, proceeding as in the proof of Theorem D, we 
conclude that M is diffeomorphic to S^. Therefore, we can restrict our 
attention to the case in which M* is isometric to a flat rectangle, which we 
shall denote by [0, xq] x [0, yo] in the remainder of the proof. In this case, to 
conclude that M is diffeomorphic to one of the two S^-bundles over §2, it 
suffices to prove that H2{M, Z) = Z and then appeal to the work of Barden 
[3] and [IT]- To prove this, we apply the Mayer- Vietoris spectral sequence 
as in the proof of Theorem D. Keep in mind that all the regular leaves are 
tori by Theorem A. 

Let Iqj^i be the closures of the two strata corresponding to the vertical 
edges of M*. Likewise let Xq, Xi be the closures of the strata correspond- 
ing to horizontal edges of M*. Since the angles between edges are all tt/2, 
the spaces X^ , Yi are actually 3-dimensional submanifolds of M. On each of 
them, the foliation is again a B-foliation of codimension 1, and the quotient 
is just the corresponding edge. 

First step: At least one among Xi, Yi is not homeomorphic to x S^. 
We proceed by contradiction. Suppose then that all of Xq, Xi, Yq, Yi are 
homeomorphic to X Let Lxi, Ly^ denote, as before, a generic leaf in 
^\x^,^\Yi, let Lq be a generic leaf and, finally, let S^^y Sj-^-^, Sj-^y S^^^ be the 
four leaves corresponding to the four corners of the leaf space. The metric 
projections give rise to a homotopy commutative diagram as shown below: 



'(1) ^ ^Xi > -5(3) 



Lyo ^ Lq >- Ly^ 



(7- 1 ) S'fo) < Lx„ >■ 5'f2) 

Since each Xq is homeomorphic to x S^, it is easy to deduce, using 
the van Kampen Theorem, that the kernels of the maps tti^Lxq) 7:i{S^q^) 

and iTi{Lxo) — > vri(5^^2)) coincide. The same conclusion holds for Xi, Yq and 
Yi. Let Xq, Xi, uq, yi G 7ri(Lo) = Z^ denote, respectively, the kernels of the 
maps vri(L) — > 7ri(LxJ, T^iiL) — )• 7ri(LyJ for i = 0, 1. Since the diagram 
above induces a commutative diagram on the fundamental groups, one can 
deduce that xq = xi + ayQ and yo = Vi + bxQ, for some a,b £ It follows 
that the elements Xi, yi span a Z2 C 7ri(Lo). This fact contradicts the proof 
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of Theorem 16.31 according to which, since M is simply connected, 7ri(-Lo) 
should be generated by the kernels {xi,yi}. 

Second step: H^{M,Z) = H2{M,Z) = Z. Suppose, without loss of gener- 
ality, that Xq is not homeomorphic to x Consider a saturated open 
cover 11 = {Uo,Ui,U2} of M, where the open sets are neighborhoods of 
Xq, Sj^^^, Sj^^y respectively. Then Uq H Ui, Uq fl U2, and Ui Ci U2 are neigh- 
borhoods of Lyq, Lyj^, respectively, and UonUin U2 is a neighborhood 
of Lq. As done before, we consider the Mayer- Vietoris spectral sequence 
HP{ii,T-L'^(Z)) ^ ifP+''(Af, Z), where the Cech cohomology is the cohomol- 
ogy of the following complexes: 

i 

C2 : ®H\U,) 

i 
i 

Co : ^H^m 

i 

We can make these complexes a bit more explicit: 

C3 : Z — ^ — > Z; 

C2 : Zfc — > ^ Z3; 

Ci : * — > ^ Z^; 

Co : Z3 — > Z^ — > Z. 

The homology of the complex Co is easily computable, and gives 

HoiCo) = Hi{Co) = H2{Co) = 0. 

In Ci, we claim that the map 

<7i : {Ly, ,Z)(BH' {Ly, ,Z) ® [Lx, ,Z) ^ {Lq, Z) 

is surjective. To see this, take first a basis {kx,kY,h} C 7ri(Lo)) where 
kx, kY generate, respectively, the kernels of the maps 

Px* : 7ri(Lo) 7ri(Lxi), 
py^ : 7ri(Lo) vri(LyJ, 
and consider the dual basis 

{kx, kY, h} ehom{TTi{Lo),Z) = H\Lo,Z). 



^^H^{U^j)^H'{Uoi2); 

id 

^^H\U^j)^H\Uoi2y, 

id 

^^H\U^j)^H\Uoi2); 

id 

^^H\U,,)^H\Uoi2). 
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We have that {px^,kY , Px*h} C 7ri(Lxi) and {pY*kx,PY*h} C 7ri(LyJ are 
bases as weh, and again we can take the dual bases for the comohology 

{px*kY,pxM ^ H^iLx^,^), {PY^kx,PY*h} C iJ^(Ly,,Z). 
It can be easily computed that 

kx = 9i{0,-PY*kx,0), 

kY = 51(0, 0,px*A;y), 

h = 5'i(0,0,px*/i), 

which proves that gi is surjective. 

Finally we observe that in C2 the map — )• is necessarily the zero 
map. With the information we have collected, the second page of the spectral 
sequence then reads 



Z, 




The arrow in the diagram is the only nonzero differential. Moreover, since 
H^{M, Z) = Hi{M, Z) = 0, the differential is surjective and coker(52 : Z^ 
Z^) can only be Z, Z^ or 0, in which cases ker (71 = Z, or 0, respectively. 
In either case, the E-^ = E^o page takes one of the following forms: 



Z. 



In both cases, one can see that H^{M,Z,) = H2{M,'Z) 



□ 



8. Curvature and singular Riemannian foliations by circles 

In this section we prove Theorem F, which generalizes work of Hsiang 
and Kleiner [26], in the positively curved case, and of Kleiner [29], and 
Searle and Yang [46], in the nonnegatively curved case, on simply connected 
Riemannian 4-manifolds with isometric circle actions. 
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8.1. Auxiliary results. In this subsection we prove some auxiliary results, 
without any assumptions on the curvature, and show that there exists a 
smooth circle action inducing a given singular Riemannian foliation by circles 
on a compact simply connected smooth 4-manifold. We then prove parts 
(1) and (2) of Theorem F in Subsection 18. 2[ 

Leaf space structure. We first describe the basic topological properties of the 
leaf space of a singular Riemannian foliation by circles on a compact, simply 
connected Riemannian 4-manifold. The leaf space structure is analogous to 
the orbit space structure of a smooth circle action on a compact, simply 
connected smooth 4-manifold (cf. 

We begin with the following elemental observation, whose proof follows 
along the lines of the corresponding statement for smooth actions (cf. [H 
Chapter II, Theorem 6.2 and Corollary 6.3]). 

Lemma 8.1. If {M,J^) is a singular Riemannian foliation of codimension 
at least 1, then the fundamental group of M surjects onto the fundamental 
group of the leaf space M* . 

We are now ready to describe the structure of the orbit space. 

Proposition 8.2. Let M be a simply connected Riemannian A-manifold. If 
M has a singular Riemannian foliation by circles, then the leaf space M* 
satisfies the following conditions. 

(1) The leaf space M* is a simply connected topological 3-manifold, pos- 
sibly with boundary. 

(2) The components of the {)- dimensional stratum are homeomorphic to 
2- spheres or isolated points. 

(3) The boundary components of M* are 2- sphere components in the 
{)- dimensional stratum. 

Proof. We first prove (1). By Lemma 18.11 tti{M) surjects onto ■ki[M*). 
Therefore M* is simply connected. The space of directions Sp* at the pro- 
jection p* of a singular point p G M is the quotient of the infinitesimal 
foliation Fp of the tangent sphere. This is a 1-dimensional foliation on S^. 
If p is an isolated singular point, then the infinitesimal foliation Fp is regular 
and, by work of Grove and Gromoll [19], it is a homogeneous foliation, i.e. Fp 
is induced by an isometric circle action on S^. Therefore, the space of direc- 
tions Sp* is homeomorphic to and p* is a manifold point in the interior of 
M* . If p is a singular point and not isolated, then Fp is singular and, again, 
it is homogeneous (see, for example, [43]). Since the foliation is singular, the 
circle action on has non-trivial fixed point and it follows that Sp* is home- 
omorphic to a 2-disc. In particular, p* is a boundary point of M* . Suppose, 
finally, that p is a regular point of the foliation. Since TM^-eg = TV^TH and 
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TM and TV are orientable, then T7i is also orientable. Then the holonomy 
action of 7ri(Lp) = Z on the unit normal sphere to Lp, which is isometric to 
a round unit 2-sphere, preserves orientation. Then Sp* = around regular 
points. 

We now prove (2) and (3). Since M* is a simply connected topological 
3-manifold, it is orientable. Using the long exact sequence in homology of 
the pair {M*,dM*) and duality, we conclude that Hi{dM*) = 0. Since dM* 
is a disjoint union of surfaces, it follows that the connected components of 
dM* are 2-spheres. □ 

Existence of a smooth circle action. We now prove that there exists a smooth 
circle action inducing a given singular Riemannian foliation by circles. 

Theorem 8.3. A singular Riemannian foliation (M, F) by circles on a 
compact, smooth simply connected ^-manifold M is induced by a smooth, 
effective circle action on M . 

Proof. We first prove the following lemma. 

Lemma 8.4. // {M,T) is a 1-dimensional singular Riemannian foliation 
on a compact, simply connected A-manifold M , the foliation restricted to the 
regular part M^eg is orientable. 

Proof. Let F{V) be the orthonormal frame bundle of the vertical distribution 
V = TT on Mreg- Observc that F{V) ^ M is a Z2-cover, and we want 
to prove that F(V) has two connected components. Take an open cover 
{Uq, Ui . . . Uk} of Mreg in the following way. Let Sj, i = 1, . . . ,k he the 
components of the 0-dimensional stratum of M. For each Sj, let Ui = 
B^{T,i) \ Tii, for some e > small enough so that the sets Ui are disjoint, 
and let Uq = Mreg — -B^/2(US). By Proposition 18.21 Sj is either a 2-sphere 
or a point. Therefore, V is orientable in Ui and F(y)\ui is disconnected, for 
i = 1 . . . k. Moreover, since Uq is simply connected, -F(V)|t/y is disconnected 
as well. 

Let Ai = IJj=o^«- prove by induction that F{V)\Ai discon- 

nected or, equivalently, that Ho{F{V)\Ai) = ^2, i = 0,...k. The case 
i = is Ho{F{V)\uo) = ^2) which we have already proved to be true. If 
HQ{F{V)\Ai) — ^2) then by the Mayer- Vietoris sequence applied to the pair 
{Ai, Ui+i), we have the exact sequence 

Ho{F{V)\A,nu.^,) ^ ^o(i^(V)UJ #o(i^(V)|t/,^J ^ ^o(i^(V)U,+J ^ 0. 

Since the left term is Z2 and the middle term is Z2 Z2, the last term must 
be Z2. This proves the induction step and, in particular, that 

HoiFiV)A,) = HoiF{V)MrJ = ^2, 



as we wanted. 



□ 
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By Lemma [8^ there is a miit vector field Xq spanning T\]\f^^g . Take now 
the vector field Xq{p) = f{p) ■ Xq{p), where 



and Gp is the holonomy group (in the foliated sense, cf. [32]) of Lp. Finally, 
extend Xq to the singular part, by zeroes. The following proposition shows 
that the vector field Xq just defined is smooth, concluding the proof of 
Theorem ESI 

Proposition 8.5. The vector field Xq defined above is smooth on M . 

Proof. It suffices to prove that / is smooth around the fixed points. Around 
these points, the infinitesimal foliation is given by a smooth circle action 
(not necessarily isometric), and 



By work of Fintushel [11^ [T2] in combination with work of Pao [37] and 
Perelman's proof of the Poincare conjecture [38l [391 HD], a closed, simply 
connected smooth 4-manifold with a smooth effective circle action is diffeo- 
morphic to a connected sum of copies of zbCP^ and x (cf. [15] for 
more details). As a corollary of this result and Theorem 18.31 we obtain the 
topological classification of compact, simply connected 4-manifolds with a 
singular Riemannian foliation by circles. 

Corollary 8.6. A compact, simply connected A-manifold with a singular 
Riemannian foliation by circles is diffeomorphic to a connected sum of copies 
of§^, ±CP2 and §2 X §2_ 

8.2. Proof of (1) and (2) of Theorem F. By Poincare duality, 2 < x{M). 
By Corollarv 18.61 to prove parts (1) and (2) of the theorem, it suffices to 
show that xi^) ^ 3, when M is positively curved, and x{^) ^ 4, when M 
is nonnegatively curved. 

By the results in the preceding subsection, the leaf space M* is a sim- 
ply connected topological manifold with an Alexandrov space structure. In 
particular, M* is positively curved if M has positive curvature, and M* 
is nonnegatively curved if M has nonnegative curvature. Since the proof 
follows as in the proof an isometric circle action, via comparison arguments 
already found in the literature (cf . [261 \T5\ \2T\ l46l [22] , we only indicate the 
necessary steps. 

Positively curved case. Suppose first that dM* is not empty, and let F* be a 
connected component of dM* . Then, by the Soul Theorem for Alexandrov 
spaces, there exists a unique point Pq at maximal distance from F* and all 
the points between F* and Pq must correspond to regular leafs. The point 



/(p) = |G'p|-length(Lj,) 



7§i 

where X* is the action field. This is clearly smooth. 




□ 



□ 
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Pq is either a regular leaf or an isolated point in T,q. Therefore x(^^) ^ 3. 
Suppose now that dM* is empty. Then So consists only of isolated points. 
As shown in the proof of Proposition 18.21 the space of directions at an iso- 
lated point in the 0-dimensional stratum is isometric to the quotient of a 
round unit S'^ by an isometric circle action without fixed points. It follows 
from a triangle comparison argument as in [22] that there can be at most 
three such points. Therefore, x(^o) < 3. 

Nonnegatively curved case. Suppose first that dM* has at least two com- 
ponents, dM^ and dM^. Then M* is isometric to dM^ x [0, 1] and there 
are no isolated points in Sq. Hence xi^) = 4. Suppose now that dM* 
is connected and let C* be the set at maximal distance from dM* in M*. 
There can be at most 2 isolated points in Sq contained in C* , so x(M*) < 4. 
Finally, suppose that dM* is empty and Sq consists only of isolated points. 
As in the positively curved triangle comparison argument as in |22j 

implies that there can be at most four such points, so x(^) ^4. □ 
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